is equivalent to the positivity of the operator
In fact (b) is just one application of the general and simple observation that any estimate can be reduced to a positivity result, and hence we see immediately the value of good criteria for positivity.
The symbol a(x,0 when A is the operator in (3) will usually take negative values (a(x,^) can be considered to be real if we neglect in its expansion the purely imaginary symbols of order 1 and the symbols of order 0). In some cases, for example when the symbols of L. are all real, one can avoid the study of negative symbols by microlocalizing (2) Symbol (L^) = p + iq the symbol of L^ is p + q + {p,q} and already will not always remain positive. Thus in general we shall have to deal directly with negative symbols.
With these applications in view, itMs evident that it suffices in fact to establish inequalities of the form
for some 6, 0 < 6 « 1 . In [7] , Hormander established (4) contained in S^, corresponds roughly an eigenstate of A with eigenvalue < K . In the case of positive symbols, this heuristic principle is largely justified and we now know that under this condition
is large ;
(c)The number of eigenvalues < K can be estimated in terms of the number of canonically twisted cubes disjointly imbedded in S CK For precise statements we refer to the original articles [2] {3] [4] and to the more detailed exposition in [5] .
When a(x,^) takes negative values, the above considerations lead naturally to the following conjecture :
Conj ecture : Given 6 > 0 there exists a constant c. such that 6
Re <Au,u> > -C||u|| The proof of the theorem is too lengthy to be described here in any detail. We shall just sketch some important steps in a very simple case. First observe that the result can be microlocalized to a cube of size 1 x M and that a(x,^) may be assumed to be a polynomial of fixed degree since errors of the 2 form ^ II 11 II/5^ ar^ negligible; next apply the cutting and stopping procedures of [3] (this can be done in view of the S' calculus of pseudo-differential operators (p^cp J -
sof Beals and Fefferman [ 1 ] ) . Since S does not admit any canonically twisted cube
it follows that the cubes {g } thus obtained still fall into three categories :
and (1) is not satisfied ;
The cases (1) and (3) We introduce the following terminology
(1) A rectangle i x i will be said to be "natural" if *-x
(2) A "stopping" rectangle I.xi is a natural rectangle which satisfies in L. X addition the condition
L (I^x 1^)
Consider now a fixed rectangle R of sizes 1 x l. unless a(x,t) = 0, R can be decomposed into a disjoint union of natural rectangles I x i with 11 1 = 1 t x t since a(x,t) can vanish identically in t only for a finite number of values of x.
Next observe that for a small natural rectangle I x i t x
(1) the maximum of p(t,x) on each of the two rectangles obtained by cutting I
in two decreases at most by a multiplicative constant depending on d ; This completes the sketch of the proof of the simple case 2 2 T + p(t,x)^ + V(t,x). More precise statements and complete proofs for the conjecture when n = 2 will appear elsewhere.
